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With r e s p e c t  to  s m a l l  p e r t u r b a t i o n s ,  we e x a m i n e  the s t a b i l i t y  of a s t e a d y  flow (with a g rad i en t )  
of a non -Newton i an  f lu id  o b e y i n g  a r h e o l o g i c a l  p o w e r  law in a f l a t  channe l .  We have  found the 
n e u t r a l  s t a b i l i t y  c u r v e s  fo r  v a r i o u s  v a l u e s  of the  exponent  n in the  r h e o l o g i c a l  law.  

In t h i s  p a p e r  we wi l l  i n v e s t i g a t e  the  s t a b i l i t y  of a s t e a d y  p lane  flow with a g r a d i e n t  fo r  f lu ids  obey ing  
a r h e o l o g i c a l  p o w e r  law,  f o r  which  the  r e l a t i o n s h i p  be tw e e n  the d e v i a t o r  of the  s t r e s s  t e n s o r  s i j  and the 
s t r a i n - r a t e  t e n s o r  f i j  (the r h e o l o g i e a l  law) is  w r i t t e n  [1] in the  f o r m  

s~i = 2k,~or~[~j (n > 0, i, ] = 1, 2,3), (1) 

w h e r e  w = ~ .  On the  b a s i s  of the  adop ted  t e r m i n o l o g y ,  m e d i a  with n > I a r e  r e f e r r e d  to  a s  d i l a t a t i o n a l  
f lu ids ,  wh i l e  t h o s e  wi th  n < 1 a r e  known a s  p s e u d o p l a s t i c .  The c a s e  n = 1 c o r r e s p o n d s  to a Newtonian  f lu id .  

F r o m  the equa t ion  of mo t ion  f o r  the  m e d i u m ,  w r i t t e n  in the  a b s e n c e  of body  f o r c e s ,  

Ov~ Ov~ = Op 4 - - -  (2) 
9 - ~  § pv~ Oxj Oxi Oxj 

F i g .  1. N e u t r a l  s t a b i l i t y  
c u r v e s .  

(p is  the  d e n s i t y  of the  m e d i u m ;  p is  the  p r e s s u r e ;  vi  is  the  c o m p o n e n t  of the  
v e l o c i t y  v e c t o r )  f o r  a s t e a d y  flow in a p lane  channe l  u n d e r  the  ac t i on  of a c o n -  
s tan t  p r e s s u r e  g r a d i e n t  in the  d i r e c t i o n  of the ax i s  x~ ~- x (v 1 = U, v 2 = v 3 = 0) 
wi th  c o n s i d e r a t i o n  of the  b o u n d a r y  cond i t i ons  we can  find the p r o f i l e  of the  d i m e n -  
s i o n l e s s  v e l o c i t y  [2] in the  f o r m  

n+l 
U ( l ] )  : ~ - -  ~/i n ~ (3 )  

with  the  ax i s  x 2 ~ y p e r p e n d i c u l a r  to  the  channe l  wal l ;  in m a k i n g  the t r a n s i t i o n  
to  the  d i m e n s i o n l e s s  q u a n t i t i e s ,  we have  t a k e n  the  m a x i m u m  v e l o c i t y  at  the  
c e n t e r  of the  channe l  fo r  the  c a s e  in which  y = 0 a s  the  c h a r a c t e r i s t i c  ve loc i ty ;  
we have  t a k e n  the h a l f - w i d t h  of the  channe l  as  the  c h a r a c t e r i s t i c  d i m e n s i o n .  

The s t a b i l i t y  of f low (3) is  s t ud i ed  in r e l a t i o n  to  s m a l l  t w o - d i m e n s i o n a l  
p e r t u r b a t i o n s  in the  v e l o c i t i e s  u '  and v '  a long  the  x -  and y - a x e s ,  r e s p e c t i v e l y .  
The e q u a t i o n s  of mo t ion  and con t inu i ty  a r e  l i n e a r i z e d  in the  u s u a l  m a n n e r  [3]. 
If we i n t r o d u c e  the s t r e a m  func t ion  fo r  the  p e r t u r b a t i o n s  

0~F a ~  
u' - ; v' (4) 

ay ax 

and s e e k  the so lu t ion  fo r  q' in the  f o r m  

~F (x, y, t) = ~2 (g) exp [iu (x ~ ct)], (5) 
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F i g .  2. C r i t i c a l  v a l u e  of the  g e n -  

e r a l i z e d  R e y n o l d s  n u m b e r  a s  a 
f u n c t i o n  of t he  e x p o n e n t  n in  t h e  

r h e o l o g i e a I  l aw .  

w h e r e  ~c is  a c o m p l e x  d i m e n s i o n l e s s  f r e q u e n c y  of p e r t u r b a t i o n s ,  we 
c a n  d e r i v e  the  g e n e r a l i z e d  O r r - S o m m e r f e l d  e q u a t i o n  f o r  f l u i d s  wi th  
a r h e o l o g i c a l  p o w e r  l aw.  F o r  r e g i o n s  of f low - 1  -< y -< 0, in  w h i c h  
d U / d y  < 0, t he  g e n e r a l i z e d  O r r - S o m m e r f e l d  e q u a t i o n  h a s  the  f o r m  

[(U - -  c) (D 2 - -  a ~) --- (DW)] t~ - -  (DU)n-~ {(DU)2n (D 2 - -  a2) ~ 
iaRe 

q- (n - -  1) {2n (DU) (D2U) D 3 + [4a ~ (DU) 2 + n(DU) (D3U) 

q- n (n + 2) (D~U) 2] D 2 q- 2 (n - -  2) a 2 (DU) (D2U) D 

+ a2n [(DU) (DW) + (n - -  2) (D3U)21}} r (6) 

w h e r e  D = d / d y ,  and  Re  = n l r2-n  L n / k  is  the  g e n e r a l i z e d  R e y n o l d s  n u m b e r  f o r p o w e r - l a w f l u i d s .  With 
V ~ c h a r  c h a r "  n 

n = 1, Eq.  (6) c h a n g e s  in to  the  O r r - S o m m e r f e l d  e q u a t i o n  [3]. 

The  b o u n d a r y  c o n d i t i o n s  f o r  t h e  f u n c t i o n  r a r e  s e t  a t  the  h a l f - w i d t h  of the  c h a n n e l  at  t he  p o i n t s  Yl 
= - 1  and  Y2 = 0, wi th  the  l a t t e r  c o n d i t i o n  u n d e r s t o o d  a s  the  l i m i t .  F o r  e v e n  p e r t u r b a t i o n s ,  wh ich  a r e  t he  
m o s t  d a n g e r o u s  f r o m  the  s t a n d p o i n t  of f low s t a b i l i t y ,  t he  b o u n d a r y  c o n d i t i o n s  a r e  the  f o l l o w i n g :  

(g0 = D ~  (g0 = D~ (g2) = D3tp (g2) = 0. (7) 

If r i s  g i v e n  b y  the  a s y m p t o t i c  e x p a n s i o n  

r (v) = s r (y) 
(a Re) ~ 

S=0 

(8) 

t he  f i r s t  p a i r  of i n d e p e n d e n t  s o l u t i o n s  of (6) is  found f r o m  

(U - -  c) (D 2 - -  a2) ~ _ (D~U) ~ = O, (q) 

w h i c h  i s  the  e q u a t i o n  of the  z e r o t h  a p p r o x i m a t i o n  of r in  (8). The  s o l u t i o n s  of (9) c a n  be  found  in  the  f o r m  

of p o w e r  s e r i e s  in  y - Yc, w h e r e  Ye is  the  po in t  at w h i c h  U(Ye) = c:  

~I ~ = (v - -  v~) 2 a~ (y - -  V~P, 
k=0 

~?(20) = @~0) In (g - -  g,) DW (g~) + ~ bh (g __ g~)k 
DU (go) 

k=0 

(10) 

w h e r e  

1 a 2 1 - -  n a ~ 1 + 2 n  
-- ; - - - -  ~ _ _ _ ;  bz=  + - - ;  

a o = b o =  1; a~ =b~ 2ngr a2 6 ' 6n2g~ - 7  4n~g~ 

a ~ (1 - -  n)  (1 - -  2 n )  a ~  4 n  2 - -  4 n  - -  3 . 

18ngc q- 24n3gac ; ba- -  36ng~ + 24n3g~ " '  

a '  0. 2 ( 1 1 )  1 ( 1 - -  n) (l - -  2n) (l - -  3n) 
+ - - - - 1  ~ +  

120 ~ 12n gc 120n4g 4 

a 4 a 2 (13  + 36n) 6 - -  n - -  20n 2 + 12n s 

b4-  24 432n2g2~ 144n4q~ 

(180n 2 - -  242n + 71) c~ ~ 
a 5  - 

b 5 -~- 

a 3  _ r 

ark 

2 3 c d  

1 0 8 0 0 n g ~  21600n~y~ 

ca 2 (64 -t- 147n - -  180n 2) 

3600ng~ 

~6 

504O 

+ (1 - -  n) (1 - -  2n) (1 - -  3n) (1 - -  4n) . 

720nSy~ 

144n 4 - -  300n 3 -{- 90n 2 + 80n - -  29 

5400n3ga q- 2880nSg~ ; 

a 4 (270n - -  233) a 2 (780n. 3 - -  1270n 2 + 5 9 7 n - -  86) 

453600n2g ~ ~ 4 151200n yc 

(1 - -  n) (1 - -  2n) (1 - -  3n) (t - -  4n) (1 - -  5n) . 

5040n6g~ 
+ 
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F ig .  3. C r i t i c a l  va lue  of the m a x -  
i m u m  v e l o c i t y  in  the channel  as a 
func t ion  of  n. 

b6 = - 
a 6 a4(675n+178)  a 2 (6300n3 - -7880n~+388n§  

720 t62000n2g~ 324000n~g~ 

2 0 1 6 0 n ~ - - 4 8 0 4 8 n 4 + 2 5 5 0 & P + 7 7 4 2 n 2 - - 7 4 6 2 n @ l 1 5 5  

604800n6g~ 

A n o t h e r  p a i r  of i ndependen t  p a r t i c u l a r  s o l u t i o n s  of (6) is  found in 
the f o r m  

oo l - -m  

= e x p ( j ' g d g ) ;  g = ~,  ( a R e )  2 z.~ g,'~ (11) 
rn~O 

Subs t i t u t ion  of (11) into (6) e n a b l e s  us to d e t e r m i n e  

/ i ( U - - c )  . 5 D U  

go = -+- ~ /  n ~ ) ~ - '  ' g '  --  4 (U - -  c) 4DU 
(n  - -  1) D W  

+ , (12) 

a s  a r e s u l t  of which we can  f ind 

5 n--1 Y 

~ 2 3 , 4 = ( U - - c )  4 (DU) 4 exp :~ n ( D U ) ~ - ~  dy  . (13)  

Yc 

Solu t ions  r and r n e a r  y = Yc a r e  found d i r e c t l y  f r o m  (6) on i n t r o d u c t i o n  of the  new v a r i a b l e  
! 

~] = g ~ g-----~% ; e = (aRe)--5 
g 

If we s e e k  the  so lu t i on  r - X(V) in the  f o r m  of a s e r i e s  in p o w e r s  of e 

Z (q) = 2 e~Z(k)' 
k = 0  

a f t e r  e q u a t i n g  the  c o e f f i c i e n t s  fo r  i d e n t i c a l  p o w e r s  of e we f ind 

X~0~ = ~, ~0~ _-- 1, 

~ 3 

z? ~ -  - d~ ~ ~ I~  ) (~n)~ tin, 

(14) 

(15) 

(16) 

~,(,) H(2 
w h e r e  n l / 3  and t/3 a r e  Hankel  func t ions ,  and 

- -  ~ , ( 2 )  �9 - -  V ~ m/3 (~a~) 2 d~, 

~/ [DU (gc)l 2-~ 
a =  : n  " (17) 

The a s y m p t o t i c  Hankel  func t ion  e n a b l e s  us  to identify- X 1 and X2 with  the  so lu t ions  r and r and X3 and X4 
with  the  so lu t i on  r and r a s  we l l  a s  to d e t e r m i n e  the  r e q u i r e d  b r a n c h  in the  c i r c u m v e n t i o n  of Yc 

- -  - -  < arg (y - -  g~) < - - - .  (18) 
6 6 

The cond i t i on  of n o n t r i v i a l i t y  fo r  the  g e n e r a l  so lu t i on  of (6), a c c o r d i n g  to  the  u sua l  p r o c e d u r e  [3], l e a d s  to 
the  s e c u l a r  equa t ion  which ,  a f t e r  e v a l u a t i n g  the  t e r m s  in o r d e r  of magn i tude ,  is  w r i t t e n  in the  f o r m  

I D*i (g0 D*z (g,) 

D %  (gt) _ ] D~p t (gz) D~2 (Yz) (19) 
% (y,) * ,  (y,) % (y~) 

Dqh (Y9 D,~ (Y2) 

The l e f t - h a n d  m e m b e r  of (19) is  e x p r e s s e d  in t e r m s  of the  t a b u l a t e d  T i e t j e n s  funct ion ,  whi l e  the  r i g h t - h a n d  
m e m b e r  is  c a l c u l a t e d  by  m e a n s  of the  found s o l u t i o n s  fo r  (10). The  so lu t i on  of the  t r a n s c e n d e n t a l  equa t ion  
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(19) by  the Tol lmien  [3] method leads  to neutral  cu rves  which s epa ra t e  the stabil i ty region f r o m  the non- 
s tabi l i ty  region at the (~, Re) plane. 

F igure  1 shows the neutral  curves  calculated for  the values  of n = 0.1, 0.3, 0.4, 0.8, 1.0, 1.4, 2.0, 2.8, 
and 3.0. F igure  2 shows Rel/3 as a function of n. As we can see f r o m  the curve,  the value of the c r i t i ca l  

c r  

genera l ized  Reynolds number  over  a wide range  of va r ia t ion  in n changes only slightly. Never the les s ,  the 
s tabi l i ty  l o s ses  in the l a m i n a r  channel flow of a fluid obeying a theo logica l  power law will be rea l i zed  at 
va r ious  valtres of n fo r  var ious  values  of the c r i t i ca l  ve loc i ty  Ucr.  If we introduce the notation A = knRe(n) 

c r  
/pL n, for  de te rmined  values  of A, us ing R e c r  as a function of n, on the (Ucr, n) plane we can cons t ruc t  a 
fami ly  of l ines  separa t ing  the s tabi l i ty  and ins tabi l i ty  regions .  The c r o s s - h a t c h e d  a r e a s  in Fig.  3 c o r r e -  
spond to the veloci ty  values  at which we have a loss  in l amina r - f l ow  stabi l i ty  when A = 1.2 and 0.8. 

sij 
fij 
CO 

kn, n 
U 
U ~ , V v 

q, 

r 
O~ 

Re 
D 

r r ~3, r (xl ,  x2, x3, • 

N O T A T I O N  

is the s t r e s s - t e n s o r  deviator;  
is the s t r a i n - r a t e  tensor ;  
is the in tensi ty  of the s t r a i n - r a t e  tensor ;  
a re  rheologica |  constants  of the medium; 
is the ve loc i ty  of the s teady flow; 
a re  components  of the ve loc i ty  per turba t ions ;  
is the s t r e a m  function fo r  the per turba t ions ;  
is the ampli tude of the pe r tu rba t ions  in the s t r e a m  function; 
is a rea l  d imens ion less  wave number;  
is the genera l ized  Reynolds number  for  the power- law fluids; 
is the di f ferent ia t ion opera tor ;  
a r e  independent pa r t i cu l a r  solutions of the O r r - S o m m e r f e l d  equation. 

1o 

2. 
3. 
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